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In previous lectures, we focused on the positive implications (i.e. the consumer response)
of introducing various tax and transfer systems. Now we instead turn to answering normative
questions — what kind of taxes should the government implement? Here we study what it
means for a tax to be optimal, derive the optimal tax formula for the linear income tax
problem, and discuss the economic significance of the marginal cost of funds.

1 Optimal Taxation Problems: General Principles

What kind of taxes the government should implement depends on two main considerations:
(a) the goals of the government, and (b) what tax instruments are available. In general, the
government wishes to achieve redistribution of income from one group of citizens to another
group via taxes and transfers. The optimal commodity taxation problem we analyzed
in previous lectures featured a government that wanted to generate the highest level of
utility for its citizens as possible, but could only do so by taxing the consumption of a
couple goods available for purchase in the economy. Specifically, in that problem lump-sum
tax/transfers were not available, and one good could not be taxed at all. However, in the
optimal commodity tax problem, since all taxpayers were assumed to be identical there was
no redistribution motive.

Once we know the government’s preferences for redistribution and the tax instruments it
can implement, two additional considerations come into play: (c¢) the government must raise
a certain amount of revenue, and (d) imposing taxes may affect behavior of those subject to
the tax. Point (c) defines the government’s budget constraint. In the problems we will study
in this course the government always runs a balanced budget — it spends on its citizens
exactly as much as it collects in taxes (although in practice this is rarely how governments
operate).

Point (d) is the main conceptual issue. People in the economy take taxes and transfers
as given and maximize their utility by making decisions that are within their control (i.e.
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they pick consumption and labor supply). The government must choose taxes that not only
balance the budget, but that also take into account how each person will respond to the tax
it sets. The government faces a tradeoff between realizing its goals (a) and distortions from
altering the optimal decision of its citizens (d). We will see that this tension manifests itself
as an equity-efficiency tradeoff.

These principles are best illustrated by working through an example of a simple optimal
income taxation problem.

Example 1

Suppose there is only one representative person in the economy with utility function
u(C, L) = C —2L% Here L denotes labor supply, not leisure. Since working is undesirable, it
enters negatively (i.e. as a bad rather than a good) into the utility function. The government
levies a proportional earnings tax ¢, and there are no savings, so the individual simply
consumes their earnings from labor.

(i) Solve for optimal consumption and labor supply as a function of the wage rate and t.

The maximization problem here can be written as

max {C’ — 2L2} st. C=(1—-twlL
We can turn this into an unconstrained problem by substituting the budget constraint
into the utility function for C'

max {(1 ~ L — 2L2}

Taking the derivative with respect to L and setting it equal to zero we get a condition
for the solution.

(1—tw—4L =0 = L* = (1 —t)(w/4)

We call this type of condition the first-order condition (FOC) of the maximization
problem. After substituting our solution for labor supply back into the budget
constraint, we get optimal consumption C* = (1 — ¢)*(w?/4).

(i) Would an increase in the tax rate generate an income effect here?

There would be no income effect because the utility function is quasi-linear in C'; it is
linear in consumption but not in labor supply. This means that the marginal rate of
substitution between leisure and consumption is independent of consumption. Hence a
tax increase will only generate a labor supply response through the substitution effect
(leisure becomes relatively cheaper).



(iii)

Compute the maximized level of utility. How does this level of utility change with the
tax rate?

To find the maximized utility level, substitute the solution C* and L* back into the
utility function:

1 1 1
U(C" L) = Z(1 =0’ = S(1 = t)'? = S(1 = t)%u?

Taking the derivative of this maximized utility level with respect to the tax rate we get

oU(Ct L) 1 ,
T = (= e’ <0

An increase in the tax rate thus lowers the level of utility at the optimum.

What is government revenue as a function of w and ¢t?7 How does collected revenue
change with the tax rate?

Government revenue is the tax bill collected from the individual who optimizes over

C* and L*:
1
R=twl* =t(1 —t)(w*/4) = Z(tw2 — t*w?)

Taking the derivative of collected revenue with respect to the tax rate we obtain
orR 1
ot 4
This condition shows us that when the government sets ¢ > 1/2 revenue falls with a
tax increase. In this case labor is disincentivized to such an extent that the higher

tax rate on each dollar of income is offset by a reduction in labor supply through the
substitution effect.

1
(w* — 2tw?) = Z<1 — 2t)w?

Suppose the government uses all the revenue it collects from the income tax to provide
a transfer to the representative individual. Set up the government’s optimal tax
problem in this scenario and write it as an unconstrained problem.

The government faces two constraints: 1) it must run a balanced budget, so the amount
the government rebates to the consumer must equal the amount of tax it collects, and
2) it must take into account that the consumer will pick C' and L to maximize utility.
Since there is just one person in this economy, the government picks ¢ to generate the
highest possible level of utility. The full problem can then be written compactly as
max {C’ — 2L2} s.t. R=twlL

Rt

and s.t. max {C — 2L2} st. C =R+ (1 —t)wL

C.L



We see that the full program of the government nests the individual consumer’s
problem. To simplify things, first solve the consumer’s problem by substituting the
budget constraint into the utility function. This gives us a solution of L* = (1—t)(w/4)
and C* = R+ (1 —t)*(w?/4).

The next step is to compute revenue the government can collect, given the optimal
labor supply choice of the individual: R = twL* = t(1 — t)(w?/4). Now that we have
revenue as a function of only the tax rate, we can substitute in for R in the individual’s
optimal consumption to get

1 1

C* = “t(1 — tHyw® + = (1 — t)*w?
4 4

Finally, we can characterize the maximum level of utility as a function of ¢ to write the

unconstrained problem of the government:

max {C’ —2(L )2} = max {Z—lt(l—t)wz—i-g(l—t)sz}

We can now solve for the optimal tax rate t* by taking the FOC and solving for t* (this
last step is left as an exercise).

2 The Optimal Linear Income Tax Problem

We now apply the techniques used to solve the previous example towards solving the optimal
linear income tax problem. Recall the basic features of the problem:

e There are N individuals in the economy, each with their own skill level that the

government cannot observe. Each person’s skill level corresponds to a wage rate w;, for
individuals ¢t = 1,2, ..., V.

e Each person’s income is given by I; = w; - L;, where L; is labor supply of individual ¢.
While the government can observe each person’s income, it does not know to what
extent that income is due to inherent ability captured by w;, or due to effort or
preferences for leisure, as captured by L;.

e The government can impose a tax on income 7'(I), and this tax is restricted to be
linear, so 0 < T"(I) < 1. The government also has a preference for redistribution. That
is, it picks a tax rate t to maximize a weighted sum of all the utilities of people in the

economy; this is the social welfare function W(u(C’, I; w))

e In choosing a t to maximize welfare, the government takes into account the fact that
each person in the economy will choose consumption and labor supply to maximize
his/her individual utility.



e The government runs a balanced budget, so whatever it collects in tax revenue gets
rebated in equal portions to each consumer as a lump-sum transfer G. The government’s
budget is then NG =t 3.V | I,.

The Full Problem

Given this environment, the full problem the government faces is:
N
max { ;W(u(a I w)> }

N
s.t. NG = tZIi

i=1
s.t. individual maximization

Like the more simple problem studied in Example 1, the government’s problem here nests
each individual’s problem of choosing consumption and labor supply to maximize his/her
own utility. This means that whatever tax rate and transfer amount the government chooses,
it must take into account the fact that individuals report income optimally.

Individual Optimization

To keep things simple, we assume each person has a quasi-linear utility function u(C, I;w) =
C —v(L;) = C —v(l/w;). We can then write the individual optimization problem as

max {C’ — v([/wi)}

)

st. C=G+(1—-1t)1
— max {G—i—(l—t)]—v(f/wi)}

As usual, the individual picks consumption and income (or labor supply) to maximize
utility subject to a budget constraint. We can write this as an unconstrained problem by
substituting the budget constraint in for C. The FOC to this problem is v'({/w;) = (1 —t)w;.
For a particular assumption about the functional form of v(:), we get the individual’s
optimal level of reported income, I(t,w;).

Example 2
Although this isn’t necessary to solve for the optimal income tax formula, it is worth noting
that we can easily compute the effect of a change in ¢ or G on maximized utility by applying



the Envelope theorem. By the chain rule we have that

duI{t,w) _ Ou(I()) di(t,w)  du(I()) _ Bu(l())

dt ol dt o ot
du(I(t,wi)) _ Qul()) dI(t,wy)  Oul()) _ dulI()) _

G 0l dG oG oG

The Envelope theorem says that the first term in each of the above lines is zero — the

consumer already maximized utility by choosing income I(t, w;), so w = 0. Put another

way, since each person picks their labor supply (and hence income) to maximize utility, the

change in the tax rate or transfer amount can only alter utility directly through the budget

constraint, not by indirectly affecting the choice of I(¢, w;).

Simplified Government Problem

Now that we have the level of income that solves each individual’s problem, I(¢,w;), we
can simplify the government’s problem. First we can eliminate the second constraint of the
goverment’s problem (individual maximization) by plugging in the solution I(¢,w;) into the
government revenue constraint. Rearranging the revenue constraint we obtain

NG—tZItwl ) = Gt Ztltwl

=1

oI(-)
!/
Y 1
= Gl =% Z( ot ) M
where the expression for G'(t) follows from the chain rule. Substituting G(¢) and the
optimized utility of the individual, u(1(¢,w;)) = G(t)+ (1 —t)I(t,w;) —v(I(t, w;/w;) into the

government’s welfare function, we have turned the government’s complicated problem with
two constraints into an unconstrained problem:

X { ZW(G(t) + (1= )1t w;) —v(I(t, wz)/“h))} (2)

The solution has to satisfy the FOC with respect to the tax rate:!

iwi(t) ' (G'(t) - f(t,wi)> =0 (3)

Note that setting the derivative of (2) with respect to ¢ defines a solution here because the social welfare
function W(-) is concave. The fact that the government likes to redistribute income means that it does not
like variation in utilities across individuals. This is similar to the idea that a risk averse person does not like
variation in income across different states of the world.



Again we used the chain rule to evaluate this derivative, and the shorthand notation
wi(t) = OW(:)/0t to emphasize that the derivative of the social welfare function depends
on each individual ¢’s income. We call the w; terms the marginal welfare of person i, or the
value to the government of an extra dollar of income given to person 1.

Next we define the concept of a normalized welfare weight. This is the marginal welfare
of each individual relative to the average marginal welfare among people in the economy.
Mathematically each of these weights is equal to:

=
N Dic1 Wi
The important thing about these weights is that they summarize how much the government

cares about the individual utility of each person in the economy. If the government has a
strong preference for redistribution, these A; will be higher for people who are relatively poor.

Ai

Using these welfare weights, we can rewrite the FOC of equation (3) as

N

D wi-G(t) - Zw I(tw;) =0

i=1

where we used the fact that > . \;/N =1 to get from the third to the fourth line. Now plug
expression (1) for G'(t) into (4) to get

N

=1

Finally, we wish to write this condition for the optimal tax rate in terms of an income
elasticity that measures the response of each individual ¢ to changes in the tax rate. To keep
the notation manageable, define a few objects:

,on (1-t\  onf1-¢
“Toa-o\ 1, |T o\ 1




The parameter € represents the elasticity of income to the retention rate (1 —t), and I
is the average level of reported income in the economy. After a few more rearrangements of
expression (5) we end up with:

N N

t ol; 1—t
_1—t'izla<1—t) I; ‘Ii—;@i—l)'w,wi)
T SN SO ) .

=1 i=1

where the last line follows from subtracting a zero because >, ; A;/N = 1.2 The very last
step is to rearrange (6) so that the tax progressivity term ¢/(1 — t) is on the LHS, and the
RHS features the covariance of the welfare weights with income.?

A DT GRS
1—t %vazlé'[

Optimal Progressivity Formula

Equation (7) gives us what is sometimes called the optimal tax progressivity formula. The
LHS of this formula gives the marginal tax rate t relative to the marginal retention rate
(1 —t), whereas the RHS represents an equity-efficiency tradeoff. The numerator term on
the RHS represents the government’s preferences for redistribution, while the denominator
term represents the efficiency cost associated with people’s behavioral response to tax
changes. A higher ¢ means a more progressive tax policy.

From the RHS of (7), there are three main features that affect the progressivity of the tax:

1. The optimal tax rate is lower if people are highly responsive to taxation. That is, if the
elasticity of income with respect to the retention rate (€') is high, the term representing
inefficiency in the denominator is going to be high. Observe also that the response of
people with higher levels of taxable income matters more than those with lower income,
because the €' in the denominator are weighted by each individual i’s income relative
to the average level of income I;/T".

2In particular, >, (A — )IM = 8 (), — 1)(ZjV=1 L-/N) =N ,-NYN /N =0.

3Here we used the sample covariance formula for any two random variables , y: cov(z,y) = % Zfil (z;—
z)(y; — §), where here z = & >, A; = L and § = Y, I;/I™ = 1. Don’t worry if you don’t understand this
step.



2. Progressivity of the tax should rise with stronger government preferences for
redistribution (the numerator term is high). When tastes for redistribution are higher,
the covariance term is more negative. A negative covariance term here means that low
values of the welfare weights \; correspond to high income levels, indicating that the
government cares less about the utility of high-income people.

3. The optimal tax rate should be higher if income is a better indicator of the ability to
pay. Recall that in the optimal income tax problem, the government cannot directly
observe each person’s ability to pay.? It instead relies on income as a proxy for ability
to pay. If income fluctuates wildly for each person year-to-year (for instance, due to
luck), this measure will be a bad indicator of ability to pay. In the formula, when
income is a bad indicator the covariance term will be close to zero.

A few final notes on this problem. Unlike the optimal commodity tax problem, we do not
assume directly that the government cannot impose a lump sum tax (7”(I) = 0 is possible).
However, the setup of the problem does restrict marginal tax rates to be positive, 7"(1) > 0,
so the optimal tax formula will never feature subsidies.’

3 Marginal Cost of Funds (MCF)

The optimal progressivity formula in the income tax problem describes a particular type of
equity-efficiency tradeoff. One way to quantify this severity of this tradeoff in units of utility
is the marginal cost of funds (MCF). Here are three equivalent definitions of the MCF:

° MCF _ effect of the tax .instrument on welfare
effect of the tax instrument on revenue

e MCF = —%, where U* is the level of utility that the individual achieves by
optimizing, and R* is revenue the government collects given the individual’s optimal

choices.

e The MCF is the welfare loss associated with raising an additional dollar of revenue.

Example 3

Let’s return to the setup of Example 1 and compute the MCF. Recall in that example we
computed the effect of the proportional income tax on welfare (i.e. maximized utility), and
the effect of the tax on revenue:

ou* 1.1 _ 2 _
{at_ - e (-1

O — 1(1 — 2t)w? (1—2t)

4For this reason the optimal income taxation problem is often thought of as a particular kind of adverse
selection problem governments face.

SWe could allow for portions of the marginal tax rate schedule to be positive or negative by studying
a more general problem where taxes as a function of income T'(I) can be nonlinear. This is a much more
mathematically complex problem to solve, but the solution to the more general problem retains the intuition
of an equity-efficiency tradeoff in setting tax rates.



This is the MCF for any tax rate ¢ that the government might set. However, we can show
using the Envelope theorem that when the government chooses the optimal tax rate t*, we
have MCF = 1. First note that we can write optimized utility as

U(C* L") = (1 —t)ywL* + R* — 2(L*)?
Taking the FOC with respect to t and recalling that L* and R* depend on ¢ we obtain

oL* OR
_wlr
g Wb g =Y

oU(C*, L¥)
ot

— 1 - tw-— 4L*]

oU* 9L*
oL* 0ot

ou*

and 3T

The first term above is equal to zero, since it is equal to = 0 by the Envelope

theorem. After applying this fact, we learn that
OR* 1 ouU*
=wl* = —(1 - t")w’ = -
ot 4( ) ot
The fact that the MCF = 1 for the optimal tax rate implies that the government sets t* = 0.
Starting at this zero tax rate, the welfare loss from a small tax increase is exactly equal to
the revenue gain.
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